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1 Introduction

The most general state of stress at a given point may be represented by six com-
ponents. Three of these components are normal stresses, represented by o, oy
and o, and the other three represented by 7,,7,. and 7., are shear stresses.
The same state of stress can be represented by a different set of components
if the coordinate axes are rotated as shown in Figure 1. Stress transformation
deals with determination of the different components of stress under a rotation
of coordinate axes.
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Figure 1: General state of stress at a point.

2 Transformation of Stresses

Let (x,y,2) and (X,Y,Z) denote two rectangular coordinate systems with a com-
mon origin as shown in Figure 2. Let the direction cosines of X-axis with respect
to coordinate system (x,y,z) be l,,, and [, respectively. Similarly m,, m, and
m, are the direction cosines of Y-axis and n;, n, and n, are the direction cosines
of Z-axis. These are listed in Table 1 and it should be noted that, here 6,x de-
notes angle between x-axis and X-axis.



Table 1: Direction Cosines

X y zZ
X | I, =cosO,x ly =costyx l, =cosf,x
Y | mgy =cosfy my =cosblyy m, =cosl.y
Z | ng=cosblyz ny=cosblyz n,=cosl,z
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Figure 2: Stress components on plane perpendicular to transformed X-axis.

According to Cauchy stress equation, the stress vector on a plane with unit
normal n with direction cosines ng,n, and n.is given by

=T,i+T,j+T.k

=3

where,
n
Ty =040y + Tyx Ty + TozNz
n
Ty = TpyNg + oyny + Toyn,
n
T, = TpNg + Tyzny + 0.0,
Hence, the stress vector on a plane perpendicular to X-axis (Conveniently
referred as X-plane), having direction cosines l,,1, and [, is given by,

X X X X
T=T,i+T,j+7T.k

where,
X

Tm = Uzlm + Tyxly + Tzaclz



X
Ty = Tayle + oyly + 72yl
X
T, =Tply +Tyly + 0.1,
The normal stress along X-direction can be obtained by taking the compo-

X
nent of T along the direction of X-axis. i.e.
X
oxx =T e (l;i+1,j+L.k)
X X X
oxx =Tl + Tyly +T.1,

oxx = (0zly + Tyzly + Toal)la + (Tayls + oyly + T2yl2 )1,
+ (Tozls + Ty2ly + 0.0)1

After rearranging the above expression, we obtain
oxx = l20n + 1,20y + 120, 4 2,1y Tay + 20,17 + 20 10Tos

Similarly, using stress vectors of Y-plane and Z-plane,oyy and ozz can be
obtained.

2 2 2
Oyy = Mg 04 +my~0y +m, 0, + 2mymyTey + 2mym. Ty, + 2Mm,myTog

2 2 2
Oz7 =MNg 0p +ny 0y + 170, + 215Ny Try + 2nyN, Ty, + 2NN T2

The shear stress component oxy is the component of the stress vector in
the Y direction on a plane perpendicular to the X axis; that is, it is the Y
X

component of the stress vector T acting on the plane perpendicular to the X

axis. Thus, oxy may be evaluated by forming the scalar product of the vector
X
T with a unit vector parallel to the Y axis, that is,

X
Txy = T o (mgi+ myj+ m.k)

X X X
Txy = Tomg +Tymy +T.m,

Txy = (03ly + Tyzly + Toxle) Mg + (Tayle + oyly + T2yl )my,
+ (Tozle + y2ly + 020 )m,

Txy = loMmgoy + lymyoy, + Lmyo, + (lpmy + 1ymy)Tey + (yme + Lomy) 7y
+ (lzmw + lmmz)Tzz

Similar procedures also determine oxy and oz x as,
Ty Z = MgNgOyp +MyNy 0y + MM 50, + (MgNy My Ny ) Tay + (My My +M00) Ty

+ (Mg + man.)Ten

Tzx = Nglyoy + nylyoy +n.l0, + (aly + nyly)Tay + (nyly + 121y) 7y,
+ (nzlz + nxlz)sz



3 Transformation Equation in Matrix Form

Written in matrix form, the transformation equation is :
[U]XYZ = [T} [U]zyz [T]T

where, [T] is the transformation matrix and [T]7 is the transpose of the trans-
formation matrix given by:

le Ly L.
[T)=|my my m,
Ny Ny N

and
le Mz ny

l, m, n,

4 Example 1

Given the components of stress as 0, = 1,0y = 2,0, = —1,7;y = 2,7y, = 1 and
Tz, = —3. Transform these components based on a new x and y co-ordinates
turned through 45¢ in the anti clockwise direction and the z-axis unchanged.

Solution

Let the given state of stress is in the xyz co-ordinates and the new co-ordinates
be XYZ. The given state of stress can be written in the tensor form as

1 2 =3
Olay==12 2 1
-3 1 -1
The transformation matrix is given by,
Uy Ly l, cos4b cos45 cos90 0.707 0.707 0
[T)= |my my m,| = [cosl35 cos45 cos90| = |—0.707 0.707 0
Ng Ny Ny cos90 cos90 cosO 0 0 1

Applying these values in equations derived in the previous section, we get
ox — 3.499,TXY = 0.499, T™XZ — —1.414
Oy = —0.499,0'2 = —l,TyZ = 2.828
Alternatively;

[O—]XYZ = [T] [J]wyz [T]T

0707 0.707 0] [1 2 =3] [0.707 —0.707 0
[o]lxyz = |—0.707 0707 0o |2 2 1| |0.707 0.707 0
0 0 1|/|-3 1 -1 | o0 0o 1

3.499 0.499 —-1.414
=1 0499 —-0.499 2.828
—1.414 2.828 —1.000



