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Stress Transformation

Stress Transformation

Stress transformation deals with determination of the different
components of stress under a rotation of coordinate axes.
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Figure: General state of stress at a point.
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Stress Transformation

Stress Transformation

Definition: The matrix form of the stress tensor is different for
different coordinate systems. However, the matrix of one coordinate
system is related to the matrix of another coordinate system. The
process of converting the stress matrix of one coordinate system to
another coordinate system is called stress transformation
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Stress Transformation

Stress Transformation

Table: Direction Cosines

X y z
X |l = cosfyx ly = cosfyx I, = cosf,x
Y | my=cosbyy my,=cosfy m;=cosl,y
Z | ny=cosblyz ny=cosbyz n;=cosbz

Figure: Stress components on plane
perpendicular to transformed X-axis.
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Stress Transformation

Cauchy's stress formula

For a plane with direction cosines
ng, ny, and ng,

n n . n . n
T=Txi+T,j+ Tk

n
X
Ty = oxny + Tyxny + ToxNy

n
Ty, =Txynx+oyn, + 750,

n
Figure: Tetrahedron at point P T, = Tnx +Tyny, + 0,0,
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Stress Transformation

Stress Vector on X-plane

Hence, the stress vector on a plane perpendicular to X-axis
(Conveniently referred as X-plane), having direction cosines I, /,
and /, is given by,

X X x X
T=Txi+T,j+ Tk

where,

~x

x = Oxlx + Tyxly + Toxly

~x

y = Txylx +oyly + 751,

~x

z = Txzh + 7—yzly +ozl;
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Stress Transformation

Stress component Normal to X-Plane

X
OxXX = Te (/Xi —+ /yj —+ /zk)

X - X . X - .
oxx = (Txi+ Tyj+ T;k)e (Li+1,j+ k)
X X X
oxx = Txlh+ Tyl + T,l,
oxx = (oxlx + Tyxly + Toxlz) s + (T Ix + 0y by + T2y 1)1,
+ (Tl + Ty2ly + 0212) 1,
After rearranging, we get

oxx = k2o + 1,20, + 1,20, + 2y Toy + 20y [Ty + 20y b T
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Stress Transformation

Stress component Normal to Y and Z-Planes

For Y-Plane

Y
oyy = T e (m4i+ myj+ m,k)

Y Y Y
oyy = (Txi+ Tyj+ Tk) e (mi+ myj+ mk)
Oyy = mX20X+my20y+mzzaz+2mxmyTXy+2mymZTyz—i—2mszsz

For Z-Plane

V4
077 = Te (nxi + nyj + nzk)

V4 V4 V4
ozz = (Txi+ Tyj+ T,k) e (ngi+ nyj+ nk)
Oz7 = nxzax + nyzay + nzzaz + 20Ny Tyy + 20y N7y + 2N, N3 Typx
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Stress Transformation

Shear Stress Components on X-Plane

The shear stress component Txy is the component of the stress
vector on a plane perpendicular to the X axis in the Y direction

X
Txy = T o (myi + myj + m,k)

X X X
Txy = I'xmy+ Tymy, + T,m;

Txy = (Oxlx + Tyxly + Toclz)my + (T Ix + 0y 1y + 72 1) M),
+ (Tl + Ty2ly + 021,)m,

Txy = lkmyox+lymyo,+lLmyo,+(lkmy+Il,m) g+, m41Lmy)7,,
+ (lzmx + Ixmz)'rzx
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Stress Transformation

Shear Stress Components

Tyz = MxNox + myn,o, + myn,o, + (meny, + myn, )7y,

+ (mynz + mzny)Tyz + (mznx + mxnz)sz

Tzx = nxlxox+nylyoy,+nl0,+(ngl,+ny L)1, +(ny I +n2 1) 72
+ (nzlx + nxlz)sz
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Stress Transformation

Transformation Equation in Matrix Form

Written in matrix form, the transformation equation is :

[U]XYZ = [T][U]xyz[T]T
where, [T] is the transformation matrix and [T]” is the transpose
of the transformation matrix given by:
L 1, I
[T]=|m« my, m,
ne n, ng
and

L my ny

T
[T]" = | my ny
l, my; n,
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Stress Transformation

Transformation Equation in Matrix Form

The transformation equation is :

[J]XYZ = [T] [U]xyz[T] 4

OoxX TXYy 7TXZ I / y Iz Ox Txy Txz Ic my ny
Tyx Oy Tyz| = |mx m, m;| |1x o, T| |l my n,
Tzx Tzy Oz n n, ng Tzx Tzy Oz I, m; n,
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Stress Transformation

Example of transformation in x-y plane.

Figure: Transformation in x-y plane

The z and Z' axes are same and 0,/ = 0,0,1, = 90 — 6,0,/, = 90;
lex =90+ 40, Hy/y =4, Hy/z = 90; 0,, = 90, 921y =90,60,, =0;
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Stress Transformation

Example of transformation in x-y plane.

Transformation matrix for this case can be obtained as:

cos 0 cos (90 — 0) cos90 cosf sinf 0
[T] = [cos(90+ 6) cos cos90| = |—sinf cosf 0O
cos 90 cos 90 cos0 0 0 1

The matrix obtained above is applicable for transformation from
Cartesian to polar coordinates.

Or T Trz cosf) sinf 0O | oy

Txy Txz
Tor 09 Toz| = |—sinf cost O| [1x oy Ty
Tar Tz Oz 0 0 1| [7x Tz o0
cosf —sinf 0
sinf cosf O
0 0 1
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Stress Transformation

Example-1

The resisting traction vectors on the Cartesian coordinate planes
passing through a point are,

j k
T=3i+2j—2k; T=2i—-k T=-2i—j+2k

The unit of the traction is kPa. Then,

(a) write down the matrix of stress tensor in the Cartesian
coordinate system,

(b) evaluate the matrix of a new coordinate system obtained by
rotating the Cartesian coordinate system through an angle 30° in
the anti-clockwise direction.
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Stress Transformation

Example-1

Solution:
The matrix of the stress tensor is obtained by writing the given

traction vectors in the rows of the matrix as

3 2 =2
[oil=12 0 -1
-2 -1 2
The transformation matrix
cosf sinf 0 cos30 sin30 O
[T]=|—sinf® cos§ 0| =|—sin30 cos30 O
0 0 1 0 0 1
0.866 0.500 0
= |-0.500 0.866 0
0 0 1
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Stress Transformation

Example-1

Solution:
Stress tensor for the new coordinate system is given by

[o5]new = [Tllog][T]"

0866 0500 0] [3 2 —2] [0.866 —0.500 0
[0]new = |—0.500 0.866 0| | 2 0 —1| [0.500 0.866 0
0 o 1| |2 -1 2 0 0o 1

3.982 —-0.299 -—2.232
= [—-0.299 -0.982 0.134
—2.232 0.134 2
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Principal Stresses and Principal planes

Principal Stresses and Principal planes

From the failure considerations of materials, following questions are
important.

1. Are there any planes passing through the given point on which
the resultant stresses are wholly normal (in other words, the
resultant stress vector is along the normal)?

2. What is the plane on which the normal stress is a maximum
and what is its magnitude?

3. What is the plane on which the tangential or shear stress is a
maximum and what it is its magnitude?
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Principal Stresses and Principal planes

Principal Stresses and Principal planes

Assume there is a plane n with direction cosines ny, n, and n, on
which the stress is fully normal.

Let o be the magnitude of stress vector

Then, we have

n
T=o0n
n n n

Tx=on, Ty=o0n,,T,=0n;

Using Cauchy's formula,
Ox Ny + TyxNy + Tz Nz = 0Ny

TxyNx + 0yNy + TzyN; = 0ony,
TxzNx + TyzNy +0zN; = 0ng
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Principal Stresses and Principal planes

Principal Stresses and Principal planes

(o0x — o) + Tyxny + Toen; =0
TxyNx + (0y — o)y + 72,0, =0
TxzNx + TyzNy + (O'Z - U)nz =0

The above equations constitute a system of linear homogeneous
simultaneous equations.

In order to have a non-trivial solution,(other than
ng=n,=n,=0)

(O’X — O') Tyx Tzx
Txy (o0y —0) Tzy =0
Txz Tyz (O’z — O')
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Principal Stresses and Principal planes

Principal Stresses and Principal planes

On expanding the Determinant, we get a cubic equation in o as

3 2
0> —(ox + 0y +0;)0
2 2 2
+ (0x0y +0y0; + 0,0 — Toy™ — Tyz" — Tx" )0
2 2 2
— (0x0y0; — OxTyz” — 0y To™ — 02Ty” + 2Ty Ty Tzx) = 0
Or
03— ho*+ho—h=0
Where,
_ _ 2 2 2
h = (ox+0y4+0;),b=(0x0y+0,0,+0,0¢— Ty — Tyz" — T2x°),
Iz = (oxoy0, — O'X’Ty22 - O'yTZX2 - O'ZTXy2 + 27, Ty, T2x) are called
Stress Invariants as their values don't change during a

co-ordinate transformation.



Principal Stresses and Principal planes

Principal Stresses and Principal planes

Stress invariants can be calculated by

h=(ox+0,+0;)

Ox Txz
Txz Oz

Oy Tyz
Tyz Oz

Ox Txy

/2: —+

Txy Oy

Ox Txy Txz
=17 oy Ty

Txz Tyz Oz
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Principal Stresses and Principal planes

Principal Stresses and Principal planes

» The cubic equation 03 — 16?4+ ho — I3 = 0 has 3 real roots
» Each of this roots can be substituted to

(o0x — o) + Tyxny + Toen; =0

Ty Ny + (0y — o)y + T2yn, =0
Tz Nx + Tyz0y + (0, —0)n, =0
to get corresponding values ofn,, n, and n,

> |n order to avoid trivial solution, the condition

nx? + ny% + n,2 = 1 is used with any two of the above
equations to obtain ny, n, and n,
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Principal Stresses and Principal planes

Stress Invariants

For any arbitrary co-ordinate system O,y

» = (ox +0y,+02),

> b= (oo, + 0,0, +0,0x — TXy2 — Tyz2 — T2)

> 3= (Uxayaz - UxTyzz - Uyszz - Uszy2 + 27_xy'/_yz'rzx)
For a coordinate system coinciding with principal axes

» h=(01+02+03),

> |, = (0102 + 0203 + 0301)

> I3 = (010203)
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Principal Stresses and Principal planes

Notes on Principal Planes

1. Principal planes are planes on which the resultant stress is normal.
2. The shear stress on a principal plane is zero.

Principal planes are planes on which the normal stress has an
extreme value.

4. One principal plane is subjected to maximum value of principal
stress. This plane is called major principal plane.

5. One principal plane is subjected to minimum value of principal
stress. This plane is called minor principal plane.

6. There is a plane, which is a subjected to an intermediate stress.

7. There are three principal planes. These planes are mutually
perpendicular to each other.

8. The principal planes can be form a set of three mutually
perpendicular planes for writing the stress tensor.
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Principal Stresses and Principal planes

Principal Stresses and Principal planes-Example-1

At a point P, the rectangular stress components are

1 2 1
Ti=12 -2 -3
1 -3 4

all in units of kPa. Find the principal stresses and check for
invariance.
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Principal Stresses and Principal planes

Principal Stresses and Principal planes-Example-1

Solution:
To obtain the cubic equation

l1—0o 2 1
2 —-2—0 -3 |1=0
1 -3 4 — o
(1-0)[-(240)4—0)—9]—2[2(4—0)+3]+1[-6+(2+0)] =0
(1—0)[o® —20 —17] = 2[11 —20] + 1[c — 4] =0
02 —20—-17T—03+20° 4170 -2 +40+0—4=0
03 —306%2—-200+43=0
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Principal Stresses and Principal planes

Principal Stresses and Principal planes-Example-1

Alternatively,

h=(ox+o,+0;)=3

b = (O’XJy+JyUZ+UZUX—TXy2—Tyz2—TZX2) =-2-84+4-4-9-1=-20

I = (oxoy0, — O'XTyz2 — O'yTZX2 — O'ZTXy2 + 2Ty T2 Tox)
— 8-9+2-16—12= —43

Hence, the cubic equation (02 — ho? 4+ ho — K =0) is

03 —30%—200+43=0
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Principal Stresses and Principal planes

Principal Stresses and Principal planes-Example-1

The solutions of (03 — 302 — 200 + 43 = 0) are,

g1 — 5.25kPa
03 — 1.95kPa
o3 = —4.2kPa

The stress invariants are,
[ =525+195—-42=3

I = (5.25 x 1.95) + (1.95 x —4.2) + (—4.2 x 5.25) = —20
I3 =—(5.25x1.95 x 4.2) = —43

These agree with their earlier values
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Principal Stresses and Principal planes

Principal Stresses and Principal planes-Example-2

With respect to the frame of reference O, the following state of
stress exists. Determine the principal stresses and their associated
directions.

121
=12 1 1
111
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Principal Stresses and Principal planes

Principal Stresses and Principal planes-Example-2

Solution:
h=(ox+o,4+0;)=1+14+1=3
b = (O’XJy+JyUZ+UZUX—TXy2—Tyz2—TZX2) =1+14+1-4-1-1= -3
_ 2 2 2
= (0x0y0; — OxTyz" — OyTox” — O2Txy” + 2Ty TyzT2x)
—1-1-1-4+4=-1
Hence, the cubic equation (02 — ho? 4+ ho — K =0) is

03 —30°-30+1=0
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Principal Stresses and Principal planes

Principal Stresses and Principal planes-Example-2

The solutions of (03 — 302 —30 — 1 =0) are,

oy =-1
op =3.7321
o3 = 0.2679

Directions of principal axes:
For o1 = —1,
(1+1)nc+2n,+1n, =0

2ny+(1+1)n,+1n, =0
ing+1n,4+(14+1)n, =0
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Principal Stresses and Principal planes

Principal Stresses and Principal planes-Example-2

2 2 1] [ny 0
2 21 n,| =10
1 1 2| [n, 0

Let Aq, By, C; respectively be the cofactors of the elements of first
raw of the tensor

2 21
2 21
11 2
Hence,
52 1
A1 =(-1) 1 2‘:2><2—1><1:3

Similarly, By = —1(4—1)=—-3and G =2—-2=0



Principal Stresses and Principal planes

Principal Stresses and Principal planes-Example-2

Direction cosines of can be obtained by,

A
n, = _ 12 _ 3 ~ = 0.7071
\/Al + Bi? + G2 \/3 240
—3
ny, = Ve = ~0.7071
n, =0
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Principal Stresses and Principal planes

Principal Stresses and Principal planes-Example-2

For oo = 3.7321,

27321 2 1 Ny 0
2 27321 1 ny| = [0
1 1 —27321] |n, 0

Let A1, By, Cq respectively are obtained as
A = 6.464, B; = 6.464, C; = 4.732

6.4641

M= 5aay = 0.6280
6.4641

ny = 2oooy = 0.6280
4.7320

= — 04

N = To.0a ~ 04597
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Principal Stresses and Principal planes

Principal Stresses and Principal planes-Example-2

For o3 = 0.2679,

07320 2 1 Ny 0
2 07320 1 | =10
1 1 0.7320] |n, 0

Let A1, By, C; respectively are obtained as
Ay = —0.4641, B; = —0.4641, C; = 1.2679

—0.4641
= T 03051
= 11279 0.325
—0.4641
= U 03251
= 14079 0-325
1.2679
- — 0.8881
Nz = 1479 ~ 0888
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Octahedral Stresses

Octahedral Stresses

v

Figure: Octahedral planes

A plane that is equally inclined to
all the three principal axes is called
an octahedral plane.

Octahedral plane will have
Ny =n, =n; = i%

There are eight such Octahedral
planes

The normal and shearing stresses
on these planes are called the
octahedral normal stress and
octahedral shearing stress
respectively.
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Octahedral Stresses

Octahedral Stresses

» Octahedral Stresses in terms of Principal Stresses/Stress

invariants
1( + 02+ 03) 1/
g = —\O g g = —
oct 3 1 2 3 3 1
1 2
Toctz = 5[(0'1 — 02)2 + (02 — 0’3)2 + (0'3 — 0'1)2] = §(I12 — 3/2)

» Octahedral Stresses in terms of oy, Txy, - - - etc are

1
Ooct = g(o'x + Oy + Uz)
1
Toctz = §[(UX_Jy)2+(Uy_GZ)2+(UZ_O-X)2+6(T>gy+7_32+7-22x)]
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Hydrostatic and Deviatoric Stress Components

Hydrostatic and Deviatoric Stress Components

Any arbitrary state of stress can be resolved into a hydrostatic state
and a state of pure shear.

Ox Txy Txz O Hyd 0 0
Tyx Oy Tyl =] 0 opg O
Tox Tzy Oz 0 0 T Hyd
Ox — OHyd Txy Txz
+ Tyx Oy — OHyd Tyz
Tzx Tzy Oz — OHyd
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Hydrostatic and Deviatoric Stress Components

Hydrostatic Stress

» Hydrostatic stress is simply the average of the three normal
stress components of any stress tensor.

Ox +0y+0;
THyd = —— 53—

» It is a scalar quantity, although it is regularly used in tensor

form as
O Hyd 0 0
OHyd = 0 O Hyd 0
0 0 O Hyd

» Hydrostatic stresses, being a function of /;(First Invariant),do
not change under coordinate transformations.
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Hydrostatic and Deviatoric Stress Components

Deviatoric Stress

» Deviatoric stress is what's left after subtracting out the

hydrostatic stress. The deviatoric stress will be represented by

o./

o =0— O Hyd

» In Tensor notation

Ox Txy Txz O Hyd 0 0
’
o= |Tyx Oy Ty| — 0 O Hyd 0
| Tzx  Tzy Oz 0 0 O Hyd
Ox — OHyd Txy Txz
= TyX o y — g Hyd Tyz
| Tzx Tzy Oz — OHyd
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Equations of Equilibrium

Equations of Equilibrium

» The state of stress in a body varies from point to point.

» Equations of Equilibrium are the conditions to be satisfied
by stress components when the body is in equilibrium.

» These equations are needed when the theory of elasticity is

used to derive load-stress and load-deflection relations for a
body.
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Equations of Equilibrium

Equations of Equilibrium

N

(a)

Figure: Isolated cubical element
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Equations of Equilibrium

Equations of Equilibrium

» Face-1: oy, Txy, Txz

» Face-2: 0+ 5 8ch Ax, Txy + 5 8Txy Ax,
"y s Txz + 85;2 Ax,

= » Face-3: 0y, Tyx, Ty

» Face-4: o, + %Ay,
OTyx OTyz
7'yx‘|‘ Ay, 7—yz'f’ ” Ay
» Face-5: az, Tzxs Tzy
» Face-6: 0, + 6UZAZ Tox + 8TZXAZ

Figure: Variation of stresses Tay + 8szA

P >
-2 Oy + Aoy

» Body force components per unit
volume are 7,7y, 7z
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Equations of Equilibrium

Equations of Equilibrium

For equilibrium in x-direction,

(O’X—|—a@i:AX)AyAZ—JXAyAZ+(TyX+%—;(AY)AXAZ_TyXAXAZ

OTzx

+ (Tax + a—Az)AXAy — Tox AXAy + v AxAyAz =0
z
Cancelling terms, dividing by Ax, Ay, Az and going to the limit,

we get
Jox  OTyx  OTx
=0
Ox + oy + 0z 0
Similarly, equating forces in the y and z directions respectively to

zero, we get two more equations.
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Equations of Equilibrium

Equations of Equilibrium

On the basis of the fact that the cross shears are equal, we obtain
the three differential equations of equilibrium as

Oox  OTyy n OTxz

x = 0
Ox dy 0z 7
0ty 0o, 071y B
Ox + dy 0z =0
0Ty 0Ty, n 0oy, b, =0

Ox oy 0z
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