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Constitutive Equations

Constitutive equations

» The relationships between the stress and strain components
are termed constitutive equations.

» These relations depend on the manner in which the material
resists deformation.

» The constitutive equations are mathematical descriptions of
the physical phenomena based on experimental observations
and established principles.

Advanced Mechanics of Solids ME202 Stress-Strain Relationships



Generalized Hook’s Law

Generalized Hook's Law

Each of the six independent components of stress (for a
homogeneous linearly elastic material ) may be expressed as a
linear function of the six components of strain and vice versa.

Six Stress—Strain equations:

Ox = A11€xx T A12€yy + A13€zz + 314Yxy + A15Vyz + 3167z
Oy = a21€xx + 322€yy + 323€zz + A247Vxy + 3257Yyz + 3267Vzx
Oz = a@31€xx T 332€yy + 333€zz + 3347Yxy + 3357yz + 3367z
Txy = A41€xx + A42€yy + 343€zz + A44Yxy + 3457yz + 346V zx
Tyz = a51€xx + a52€yy + A53€zz + A54Yxy + A557yz + 3567 zx
Tzx = A61€xx T A62€yy + A63€zz + 364Vxy + 3657yz + 3667 zx
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Generalized Hook’s Law

Generalized Hook's Law

In matrix form:

[0y ] [a11 a1z a3 aw ais awe]| [ ex |
Oy a1 a2 a3 dz4 azxs A €y
Oz | _ [4831 432 a33 a34 43 4asp €z
Txy " |as1 as as3 ams s ase Vxy
Tyz ds1 ds2 ds3 ds4  dss  dse Vyz

| Txz 961 d62 463 d64 d65 d66] | Vxz]
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Generalized Hook’s Law

Generalized Hook's Law

Similarly Six Strain-Stress equations can also be formed:
€x = b110x + b120y + b130, + b14Txy, + b15Ty, + b167Tx
€y = bo10x + bxooy + b230; + b14Txy + b15Tyz + b167Tx
€z = b310x + b320y + b330, + b34Tyy + b35Ty, + b36Tx
Vxy = ba10x + ba2oy + bazoz + baaTuy + basTyz + baeTax
Vyz = bs10x + bspoy, + bs3o; + bsaTyy + bssTy, + bsaTox

Yzx = be10x + be20y + be30z + beaTxy + besTyz + beeTzx
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Generalized Hook’s Law

Generalized Hook's Law

In matrix form:

€x bi1 b2 b1z bis bis big| [ox
€y bo1 by bz bos bos bog| |0y
€z | _ |bsa1 bz b3z b3s b3s b3g| | o2
Yxy|  |bar baz bz bas bas bag| | Tk
Vyz bsy bsa bs3 bsa bss  bse| |Tyz
[ Vxz ] | bs1 be> bez bea bes bes| | Txz
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Equations for Linear Elastic Isotropic Solids

Equations for Linear Elastic Isotropic Solids

» Isotropic material means a material having identical values of a
property in all directions.

» For isotropic materials it can be shown that only two
independent elastic constants are involved in the generalised
Hooke's law.
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Equations for Linear Elastic Isotropic Solids

Lame's coefficients

For isotropic materials, normal stress along a particular direction is
influenced by the normal strain along that direction as well as the

volumetric strain,
Ox = 2U€x + AA

Where, Volumetric Strain A = e, 4 €, + ¢,
Ox =2pex + Aex + €y +€2)
oy =2pue, + A(ex + €, +¢€7)
0, =2pe, + A(ex + €y +€7)
Txy = Wxy>  Tyz = WVyzs  Tzx = KVzx

Where, 1 and X are called Lame's coefficients.
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Relation among Elastic Constants

Relation between elastic constants

Txy = HWxy>  Tyz = {7z, Tzx = {Vzx
From Strength of materials,
Txy = G'7xy7 Tyz = G'7y27 Tox = GYax

Where, G is the Modulus of Rigidity of the material.
Hence,

p=_G
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Relation among Elastic Constants

Relation between elastic constants

€x = 1 (0x — Alex + €y + €;]) (4.1)

[ox + 0y + 0,]

lx o+l =530

Putting (4.2) in (4.1)
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Relation among Elastic Constants

Relation between elastic constants

JAS [ P\ S | S ST, SR O
T 2u 2u+3X) ] \2u@u+3)N)) Y

A
- <2M(2M + 3>\)) ’
This equation is of the form

Equating the coefficients of o, we get
2 3\
E = w2p+3X)
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Relation among Elastic Constants

Relation between elastic constants

JAS [ P\ S | S ST, SR O
T 2u 2u+3X) ] \2u@u+3)N)) Y

A
- <2M(2M + 3>\)) ’
This equation is of the form

Equating the coefficients of o, we get

O
R
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Relation among Elastic Constants

Relation among u, A E and v

E
w= G) = m

vE

A= A )T+
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Relation among Elastic Constants

Relation among u, A E,v and K

For hydrostatic state of stress, we have oy =0, =0, = —p.
Applying this in equation (4.2) we get
(—p—pP—p) —p (2u + 3))
teote=—— e = =
Ty T (2p +3X) ex+ € ez 3

since (ex + €, +€;) = A is the volumetric strain, The ratio of
pressure (—p) to Volumetric strain is called Bulk modulus (K).

K — (2104 3X)
3
E
K= 3(1 - 2v)
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Relation among Elastic Constants

Relation among u, A E,v,G and K-Summary

E
E K —

_ 1-2

T 31 -2)

= 9 3.1

A= v E_ G K

(1-2v)(1+v)
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Relation among Elastic Constants

Equations for Linear Elastic Isotropic Solids-Matrix form

For isotropic materials,

[ ex ] [1/E —v/E —v/E 0 0 0 Ox
€y -v/E 1/E —v/E 0 0 0 oy
e |  |-v/E —v/E 1JE 0 0 0 o
Yoy | 0 0 0 1/G 0 0 Txy
Vyz 0 0 0 0 1/ 0 Tyz
[ Vz | | O 0 0 0 0 1/G| [7x]
Where E is Young's modulus, v is Poisson’s Ratio and G is
E
modulus of Rigidity and G = m
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Relation among Elastic Constants

Equations for Linear Elastic Isotropic Solids-Matrix form

For isotropic materials,

Ox (A +2G A A 0 0 O €x
oy A A+2G A 0 0 O €y
oz | A A A+2G 0 0 O €,
Txy - 0 0 0 G 0 0Of |7y
Tyz 0 0 0 0 G Of [
| 7oz | | O 0 0 0 0 G [7Yx]
Where \ = vE

(1+v)(1-2v)
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Boundary Conditions

Equations of Equilibrium

\ / (b)

(a)

Figure: Isolated cubical element
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Boundary Conditions

Equations of Equilibrium

Three differential equations of equilibrium are

0oy 0Ty OTx

Ox dy 0z T =0
0ty 0oy, 0Ty

=0
ox + dy + 0z 7
OTxz = OTy; L+ Oo, Fp =0

Ox oy 0z
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Boundary Conditions

Let F,, F,, F, be components of externally applied traction (force
per unit area) at a boundary point P. Then internal resisting stress
vector should match with the externally applied traction as the

boundary condition.
Thus the set of boundary conditions for elasticity problem for

externally applied traction are

OxNx + TyxNy + Toxn, = Fy
TxyNx +0yny + T n, = F,

TxzNx + Tyzny +0zn; = F;
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St.Venant’s Principle for End Effects

St.Venant's Principle for End Effects

Saint Venant’s Principle of end loads:- The principle states that
a change of loading distribution by a statically equivalent system of
forces having same resultant force and couple on a small part of the
surface of the body would give rise to localised changes in stress
and strain only. Sufficiently away from this area the stress and
strain fields will not be affected.
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St.Venant’s Principle for End Effects

St.Venant's Principle for End Effects

!

Fig. 2.56
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Figure: St.Venant's Principle
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Uniqueness Theorem

Uniqueness Theorem

Uniqueness Theorem:-Any physically realistic elasticity problem,
defined by a set of governing equations and a set of boundary
conditions will have one and only one solution
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Uniqueness Theorem

Uniqueness Theorem-Proof

To prove the theorem, we assume that there are two stress tensor

fields oj; and O';J- satisfying the equilibrium equations and boundary
conditions. Therefore

00y n O0Txy n OTxz =0
ox oy 8z T
0ty 0oy, 071y

=0 7.1
8x+8y+8z+w (7.1)
0Ty, 01y, 0o, B
Ox Oy 0z Tz =0
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Uniqueness Theorem

Uniqueness Theorem-Proof

OxNx + TyxNy + Toxnz = Fy

N
—
~
N
~

TxyNx + Oy Ny + Tz Ny =

TxzNx + Tyzny + 0.0, = F
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Uniqueness Theorem

Uniqueness Theorem-Proof

For the second set of solution field, we write

X Xy Xz X_O

ox oy oz 7
or! oo’ !

xy y vz _ 73
ax oy T oz W (7:3)
6/ aT/z al
Tz 202 T2y =0

Ox Oy 0z

olny + T}’,Xny +71o.n, = Fyx

T)'(ynx + U;,ny + 7';},nZ =F, (7.4)
T;an + T}/,zny + U'znz =F
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Uniqueness Theorem

Uniqueness Theorem-Proof

Subtracting equation (7.3) from (7.1),

8(0‘X — O';) " 8(7'xy - T)/<y) T 8(TXZ - 7—),(2)
8X 8_)/ 82

0 xy — . 0 - o, 9 z /

(5 —7) 9oy —3}) | A=)

xy y vz _ 7.5
ox Jdy 0z 0 (7.5)
8(sz - T>/<z) + 8(7—}’2 - T)//Z) + 8(O-Z - OJz) -0
Ox oy 0z

The above set of differential equations show that the difference of
two stress fields satisfy the equilibrium equations with zero body
force.
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Uniqueness Theorem

Subtracting equation (7.4) from (7.2),

(JX - J;()nX + (Txy - T>/<y)n)’ + (TZX - 7éx)nl =0
(T — 7')/<y)”x + (oy — U})”y + (72 — 7'),/z)”z =0 (7.6)

(Tzx — Ty )M + (Tyz — T)//z)”y + (02 —0;)n; =0

The difference of two stress fields satisfy the condition of zero
external traction. That difference of the two stress fields is such
that there are no external loads. From the consideration of zero
strain energy for zero external loads, the assumption of two stress
fields satisfying the set of equations is not correct and there is only
one stress field as solution.
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