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2-D problems in elasticity

2-D problems in elasticity

» The 3X3 matrices of stress and strain at a point in 3D
problems is simplified to 2X2 in 2D problems

» These problems are defined in a region over a plane.

» 2D problems in elasticity can be classified in to
» Plane stress
» Plane Strain
> Axi-symmetric
» The stress and strain tensors of 2D problems in x-y plane are
Ox  Txy ex
o= and €= |,, ?
Tyx Oy 2 &
Rest of the terms in 3D Tensor are either zero or related to
those present in the 2X2 matrices by Hook's law
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Plane stress and plane strain problems

Plane Stress

» Plane stress is defined to
be a state of stress in which
normal stress o, and shear
stresses 7y, and 7, directed
perpendicular to x-y plane
are assumed to be zero.

» Plane stress typically occurs
in thin flat plates that are
acted upon only by load
forces that are parallel to
them.

Figure: Plane stress
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Plane stress and plane strain problems

Plane Stress

» Conditions for plane stress

0, = Txz = Ty, = 0, All other stress/strain components are
independent of z-coordinate.

» Generalized Hook’s law

1
& =F (o0x —voy)
1
€y = E (Uy - VUX)
€, = % (0x +0,) Inplane stress €, #0

1
€xy = ZTX}, Or 7 = Gy
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Plane stress and plane strain problems

Plane Stress

» Equilibrium conditions

Oox  OTxy 4 95 0Ty, 0

x + Dy Bz + by =0, Since 9 0

OTxy 8ay Oty, _ ) o

o» 4 3y s + b, =0, Since 5 0
Oz BT das . _ _ _ 2 —
W—i_ai—i_ai_'_b_ = 0 Since Txz = Tyz = bz - 07 az =0
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Plane stress and plane strain problems

Plane Stress

» Equilibrium conditions

Oox  OTyy

TOx b, =
I + 5 + 0
01y, 0oy B

» Compatibility conditions

D%y n D%, _ %75y
dy?2  Ox2  OxOy

Advanced Mechanics of Solids ME202 Two Dimensional Problems in Elasticity



Plane stress and plane strain problems

Plane Strain

In plane strain, all the

» Plane strain is defined to cross-sections parallel to the
be a state of strain in which plane have the same stress
the strain normal to the x-y pattern

plane,e, and shear strains
Yxz and 7, are assumed to
be zero.

» This is possible, when the
dimension of the solid is very
large in z-direction compared
to x and y directions, or
when the displacement in a
particular direction is

2Ta
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Plane stress and plane strain problems

Plane Strain

» Conditions for plane strain
€2 = Yxz = Vyz = 0,u; = 0 All other stress/strain components

are independent of z-coordinate.
» Generalized Hook’s law

1
ez:E(UZ—uax—W’y):O == 0, =V (ox +0y)
1 1-v2 1
e = % (o~ v~ v0) = (EV)JX_ V(E+V)Jy
1 v(l+v) (-3
ey:E(Uy_yo—X_l/O'z):— E UX+ E Uy

1
Exy = 5 Ty Or 7y = Gy
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Plane stress and plane strain problems

Plane Strain

» Equilibrium conditions

Oox  OTyy

TOx b, =
I + 5 + 0
01y, 0oy B

» Compatibility conditions

D%y n D%, _ %75y
dy?2  Ox2  OxOy
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Plane stress and plane strain problems

Equivalance between Plane stress and Plane strain

» They both seek solutions for o, gy, Ty and e, €y, €4, as a
function of x and vy.

» They satisfy the same equilibrium and compatibility conditions.

» Only difference is in Generalized Hook's law.

Plane Stress Plane Strain
1 1-—12 v(l+v
EX:E(UX_VU}/) EX: ( E )O_X_ ( E )O_y
1 2
- = _ v(l+v 1—v
ey = g (oy —vox) €, = _(E)UX + (E)ay
v _ 1
€z = E (UX + Uy)’ Exy = ZMTX.V €, = 07 Exy = ZTX}/
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Stress compatibility equation

Stress compatibility equation

Five out of the six compatibility equations are exactly satisfied by
the components of strain of 2D problems. The only one
compatibility equation that requires agreement is

D% 0%, 9%y

9y2 T ox2 ~ oxoy

1 1 2(1
Using 7y, = oy and i (;_l/) we get

e e, 2(1+v) 037y

= 1
dy? = 0Ox? E  0OxOy (3.1)
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Stress compatibility equation

Stress compatibility equation

We have the equilibrium equations in 2D

Oox  OTyy B
I 3y +by=0 (3.2)
0ty 0o, B
B +W+by_0 (3.3)

Differentiating (3.2) with respect to x, and (3.3) with respect to y
and rearranging,

2 2
8Txy__3 O'X_% (3.4)
Oxdy Ox? Ox
82er B _620y B ob,

OxOy Oy? dy
Advanced Mechanics of Solids ME202 Two Dimensional Problems in Elasticity




Stress compatibility equation

Stress compatibility equation

Adding (3.4) and (3.5) =

282Txy__<820'x 0%a,  Oby 8by>

Ox0y dy (36)

Ox? Oy? + Ox + dy

By putting (3.6) in (3.1) =

D%e, 62ey B _(1 +v) <820X aZUy Oby N 8by> (37)

Oy? + ox2 E Ox?2 + y? + ox | Oy
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Stress compatibility equation

Stress compatibility equation

Rearranging (3.7), we get

D%e, 826y e Gzoy
£(Ge o) a0 (57 57)
Ob,  0Ob,

Now, Hook's law can be applied to relate €, and ¢, in terms of o
and o, and final equation will be different for plane stress and
plane strain problems as Hook's law expressions are different.
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Stress compatibility equation

Stress compatibility equation-Plane Stress

1
&= (0x —voy) = Eex = (0x —voy) (3.9)
1
&= (0y —vox) = Ee, = (0, —voy) (3.10)
Differentiating (3.9) partially w.r.t x and (3.10) partially w.r.t y,
0%¢ %o 0o
E—=—F%— r 3.11
dy? dy? g dy? (3.11)
2 2 2
0%, 0oy, ya Ox (3.12)

ox2 ~ Ox2  ox2
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Stress compatibility equation

Stress compatibility equation-Plane Stress

Adding (3.11) and (3.12) and rearranging,
&%, 826y
£ ( 92 * 8x2>
e 820y oo 620y
= <8y2 + B2 ) _V<8X2 + 8y2> (3.13)
Substituting (3.13) in (3.8),
%o d%a, 0o %o, %o 0o
X . X 1 X y
<3y2 " 8X2) V<3X2 " 3y2>+( +V)(3 > ¥ 8y2)
Ob,  0b,
1 -+ = .14
a5 G




Stress compatibility equation

Stress compatibility equation-Plane Stress

2 2
8X2 + 8x2 + ay2 + ayz == —(1+V) (a)<+8y> (315)

—(1+v) (%ix + %byy> (3.16)
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Stress compatibility equation

Stress compatibility equation-Plane Stress

ob, 0Ob
V2 (UX+Uy):—(1+V) (ax‘f‘a;/> (318)
0? 0?
2 _ . .
Where V< = ) + 32 is the Laplacian operator.

Now, equations (3.2), (3.3) and the equation (3.18) make three
equations for solving three unknowns o, o, and 7, of a plane
stress elasticity problem. Equation (3.18) is called Stress
compatibility equation
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Stress compatibility equation

Stress compatibility equation-Plane Strain

Eex = (1+v)[(1 —v)ox —vo,] (3.19)

Eey, = (1+v)[-vox+ (1 —v)o,] (3.20)
Differentiating (3.19) w.r.t y and (3.20) w.r.t x we get,

D%e, 5oy d%c
9%e 5o D%y
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Stress compatibility equation

Stress compatibility equation-Plane Strain

(3.21)+(3.22) =

0%, azey
£ ( 92 * 8x2> -
0%0, &o 5o 5?0y
(1+v) [(1— )a —Vayzy—i—(l—u) 8x2y —uaxz} (3.23)
Substituting (3.23) in (3.8) we get,

e 82ay 820y e
(1+V)[(1_V)8y2 " oy2 - )8X2 _V8x2]+

%o %0y Oby,  Ob,
(I+v) <8X2+ 3,2 > ——(1+u)(6 + 8y> (3.24)
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Stress compatibility equation

Stress compatibility equation-Plane Strain

A%0y 820y ob,  0b,
Z 0 = (=4 2
(3X2+3y2) <0X+0y> (3.25)




Stress compatibility equation

Stress compatibility equation-Plane Strain

92 0? -1 [(0be Ob,
2 (0x +0y)+ ay? (ox +0y) = (=) (8x + 8y> (3.28)
02 ? -1 by  Ob,
) -1 (ob, b,
Ve(ox+o0y) = =) Lax + By (3.30)

This is Stress compatibility equation of plane strain problem.
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Stress compatibility equation

Stress compatibility equation

ox
ox
OTyy
Ox
Plane Stress
\v& (ox+0y) =
Plane Strain
& (ox+0y) =

OTyy

b,=0
Oy +
doy,
— +b,=0
dy + by

Obx  Ob, >

—(1+u)(a -y

1 (0b,  0b,
(1-v)\0ox Oy
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Airy’s stress function and equation

Airy's stress function-Zero body forces

» Introduce a scalar function ¢(x, y), and write different
components of stress tensor as derivatives of ¢

» Assume zero body force, by = b, = 0 then the equilibrium
conditions becomes

dox 0Ty 0 OTxy %

W—F@y 8x+8y:0

» These can be automatically satisfied by defining

R S TR
- Oy?’ T Xz YT Ox0y '

Ox

The equilibrium conditions can be easily verified.
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Airy’s stress function and equation

Airy's stress function-Zero body forces

» So only PDF we need to worry about is the compatibility
condition.
Plane Stress:

V2 (ox+0y) =—(1+v) (8(,;;: + %?)
plane Strain
-1 Oby  0b
Vot o) = =y (5 + o)
» |n case of Zero body forces both the above equations reduces
to,
V2 (ox +0,) =0 (4.2)
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Airy’s stress function and equation

Airy's stress function-Zero body forces

» Substituting (4.1) in (4.2), we get

V2V2=0 Or V% =0

ot o* ot
V4 — 2
Where, - <8x4 + Ox2y? + 8y4>
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Airy’s stress function and equation

Airy's stress function-in presence of body forces

» When the body force can be expressed as the derivatives of a

potential
oV ov
by =", b, =" 4.3
ox Y Oy (43)
» Then Airy's stress function can be defined as
0%¢ 0%¢ 0%¢
UX—W—Va Uy—@— ) 7'xy——axay (4.4)

The equilibrium conditions can be easily verified.
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Airy’s stress function and equation

Airy's stress function-in presence of body forces

» The equilibrium equations can be easily verified.

Oox 0Ty
- by =0
0x dy +
01y, 0oy
—~ +b,=0
Ox + Oy + by
» The compatibility conditions become,
Plane stress Plane stain
v4¢:(1_y)v2\/ v4_¢:<].1—2l/>v2\/
2
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Polynomial method of solution

Polynomial of Degree One - An unstressed body

Consider ¢(x,y) = aix + b1y

2 2 2
_Po_ P o _ .

X ; =55=0, ny=—5,-=
? Oy? %= ox2 Ty OxOy

The components of stress are zero. It represents an unstressed

body.
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Polynomial method of solution

Polynomial of Degree Two

Consider ¢(x,y) = axx? + baxy + coy?

02 02
—j:2C2, Uy:T)ﬁ:Qaz, Txy:

_9 _
oxdy

The components of stress are constant over the region(except
shear). It represents a constant stress field.

F Fy
If ap —Fb2 =0and ¢ = A o(x,y) = A

JX:Z, o,=0, 7, =0

2

This represents stress in an axial force member of area A applied by
an axial force F
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Polynomial method of solution

Polynomial of Degree Three

Consider ¢(x,y) = a3x + bsx%y + c3xy? + dzy?
ox =2063x + b6d3y, o0, =6azx +2b3y, T = —2(b3x+ c3y)

The components of stresses represents a linearly varying stress field.

M My
|fa3 = b3 =3 = 0 and d3 = a, gf)(x,y) = W'
My

UX:T, o,=0, 7 =0
This represents stresses in simple (pure) bending of a beam applied
by a bending moment M.
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Polynomial method of solution

Polynomial of Degree Four

Consider ¢(x,y) = asx* + bax3y + cax®y? + daxy® + esy*
For this function to represent a stress function, it should satisfy

S
4 —
Vo= <8x4 * Dpx2y? * 8y4> =0

Substituting the partial derivatives,

2484 +8cy+24e4=0..3a34+3e4+¢c4 =0

Advanced Mechanics of Solids ME202 Two Dimensional Problems in Elasticity



Solution for bending of a cantilever with an end load

Solution for bending of a cantilever with an end load

¢(x,y) = axy + bxy’

Clearly this function satisfies biharmonic equation of stress

compatibility
@ = ax + 3bxy?
dy
2
Ox = gy¢ = 6bxy
8¢ 2
Txy — _axay = —(a+ 3by )
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Solution for bending of a cantilever with an end load

Solution for bending of a cantilever with an end load

Boundary conditions of the problem are:
1. Stress free top and bottom layers,
i.e. Ty (y = %h)
Using this, we get —(a+3bh?) =0 = b= 2

3h?
2
Yy

2. Sum of total shear force on any cross section is equal to
applied load P, i.e. [, "7 tdy = P
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Solution for bending of a cantilever with an end load

Solution for bending of a cantilever with an end load
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Solution for bending of a cantilever with an end load

Solution for bending of a cantilever with an end load
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